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LET G be a finite group and let H*(G) = H*(G, Z/pZ) be its mod p cohomology ring. We 
recall that an elementary abelian p-group is a group isomorphic to (Z/pZ)*. The following 
was proved in [l] using G-spaces and equivariant cohomology (see also [2, $31). 
THEOREM. If u E H*(G) restricts to zero on every elementary abelian p-subgroup of G, 
then u is nilpotent. 
The object of this note is to present a different proof of this result using only thi: 
cohomology of finite groups. 
Let v be a non-zero element of H’(G) = Hom(G, h/pH), and let G’ c G be its kernel. 
LEMMA. Zf u E H*(G) restricts to zero on G’, then u2 E H*(G) * /Iv, where b is the Bockstein 
homomorphism. 
Proof. The spectral sequence of the group extension 
l-G’- 
” 
G - ZjpZ - 1 
is of the form 
E2” = H”(H/pZ, H’(G’)) + H’+‘(G). 
Let b E H’(Z/pZ) be the Bockstein of the canonical generator in degree one, so that v*(b) = 
/Iv. The assertion: 
EFSt .6 )EFfz,t is surjective for s 2 0 
injective for s > r - 1 
is proved easily by induction on r, starting from r = 2 where it follows from the periodicity 
of the cohomology of a cyclic group. In particular, (E,“‘) * b = Ez2*’ tor s 2 0. Thus by 
decreasing induction on s, FS H”(G) * /?v = F,, 2 H”f2(G), where as usual F, H”(G)/F,+ ,H”(G) 
= E:“-‘. Now if u E H*(G) restricts to zero on G’, then u E F,H*(G), so u2 E F, H*(G) = 
H*(G) * /?u, proving the lemma. 
Remark. When p = 2, the exact sequence 
H’-‘(G) .v H’(G) 5 H’(G’) > H’(G) 
shows that u E H*(G) * v. Since pv = v2, this provides a simple proof of the lemma in this 
case, 
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Proof of the theorem. Arguing by induction on the order of G, we can suppose the 
theorem is true for groups of smaller order. Let u E H*(G) restrict to zero on any elementary 
abelian p-subgroup. Then the restriction of u to any subgroup G’ # G is nilpotent, so re- 
placing II by a power of U, we can suppose u restricts to zero on every subgroup G’ # G. If 
G is not a p-group, then u restricts to zero on a Sylow p-subgroup P. As the restriction from 
G to P is injective, u is zero and the theorem holds, hence we can suppose that G is a p-group. 
The theorem is clearly true for an elementary abelian p-group, so we can also assume G is 
not elementary abelian. 
For any non-zero u E H’(G), the restriction of u to its kernel is zero, hence by the lemma 
a2 is divisible by /?v. Thus for any sequence of non-zero elements aI, . . . , u, E H’(G), uzm is 
divisible by n/Ivi. But as G is not elementary abelian, a result of Serre [3, Proposition 41 
shows that there is such a sequence with npUi = 0, hence u is nilpotent, proving the theorem. 
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